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Jacques was a highly valuable member of our interna-
tional Neutrino Physics Family. It was always useful and
interesting to discuss with him - he had the gift of look-
ing at a problem from completely unexpected angle and
proposing original solutions. His human warmth made
the communication with him pleasant and memorable.
The memory of Jacques is vivid and alive.

Jacques and neutrinos: Bugey; NOMAD; K2K; beta
beams; neutrino factories; megaton detectors (Fre-
jus; UNO).

First work on neutrinos (to my knowledge): 1986.







Compellings Evidence for ν−Oscillations

−νatm: SK UP-DOWN ASYMMETRY

θZ−, L/E− dependences of µ−like events

Dominant νµ → ντ K2K, MINOS; CNGS (OPERA)

−ν�: Homestake, Kamiokande, SAGE, GALLEX/GNO

Super-Kamiokande, SNO, BOREXINO; KamLAND

Dominant νe → νµ,τ BOREXINO; possibly LowNu

− LSND: Dominant ν̄µ → ν̄e;

MiniBOONE 2010: νµ → νe incompatible, ν̄µ → ν̄e compatible (!?)

νlL =
∑
j=1

Ulj νjL l = e, µ, τ.

B. Pontecorvo, 1957; 1958; 1967;

Z. Maki, M. Nakagawa, S. Sakata, 1962;



2001− Remarkable progress in the studies of ν−
mixing and oscillations

• June, 2001: SNO CC data + SK data → νµ,τ and/or
ν̄µ,τ in ΦE(ν�)

• April, 2002: SNO NC data → evidence for νµ,τ and/or
ν̄µ,τ in ΦE(ν�) strengthen

• December, 2002: KamLAND
− First compelling evidence for ν−oscillations

in an experiment with terrestrial ν’s

− Evidence for νe−mixing in vacuum

− ν�: LMA solution (CPT)

− KamLAND “massacre”:

VO, QVO, LOW, SMA MSW, RSFP, FCNC, WEPV, LIV,...

• September, 2003: SNO salt phase data,
ΦB(ν�) - higher precision

• 2004: KamLAND, e+−spectrum; K2K, νµ−spectrum

SK, L/E; SNO



Solar Neutrinos



4p → 4He + 2e+ + 2νe.

• pp neutrinos, E ≤ 0.420 MeV, Ē = 0.265 MeV,

• 7Be neutrinos, E=0.862 MeV (89.7% of the flux), 0.384 MeV (10.3%) ,

• 8B neutrinos, E ≤ 14.40 MeV, Ē = 6.71 MeV,

• pep neutrinos, E=1.442 MeV,

• of 13N, E ≤ 1.199 MeV, Ē = 0.707 MeV,

• of 15O, E ≤ 1.732 MeV, Ē = 0.997 MeV.
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[tb] Results from radiochemical solar-neutrino experiments. The pre-
dictions of a recent standard solar model BPS08(GS) are also shown.
The first and the second errors in the experimental results are the
statistical and systematic errors, respectively. SNU (Solar Neutrino
Unit) is defined as 10−36 neutrino captures per atom per second.

Ref. 37Cl→37Ar 71Ga→71Ge
(SNU) (SNU)

Homestake (Cleveland98) 2.56 ± 0.16 ± 0.16 —
GALLEX (Hampel99) — 77.5 ± 6.2+4.3

−4.7

GNO (Altmann05) — 62.9+5.5
−5.3 ± 2.5

GNO+GALLEX (Altmann05) — 69.3 ± 4.1 ± 3.6
SAGE (SAGE09) — 65.4+3.1+2.6

−3.0−2.8

SSM [BPS08(GS)] (BPS08) 8.46+0.87
−0.88 127.9+8.1

−8.2



[tb] Results from real time solar-neutrino experiments. The predictions of the
standard solar model BPS08(GS) are also shown. The first and the second errors
in the experimental results are the statistical and systematic errors, respectively.
Ref. Reaction 8B ν flux 7Be ν flux

(106 cm−2s−1) (109 cm−2s−1

Kamiokande (Fukuda96) νe 2.80 ± 0.19 ± 0.33 —
Super-Kamiokande (Hosaka06) νe 2.35 ± 0.02 ± 0.08 —
SNO Phase I (Ahmad02) CC 1.76+0.06

−0.05 ± 0.09 —
(pure D2O) νe 2.39+0.24

−0.23 ± 0.12 —
NC 5.09+0.44

−0.43
+0.46
−0.43 —

SNO Phase II (Aharmim05) CC 1.68 ± 0.06+0.08
−0.09 —

(NaCl in D2O) νe 2.35 ± 0.22 ± 0.15 —
NC 4.94 ± 0.21+0.38

−0.34 —
SNO Phase III (Aharmim08) CC 1.67+0.05

−0.04
+0.07
−0.08 —

(3He counters) νe 1.77+0.24
−0.21

+0.09
−0.10 —

NC 5.54+0.33
−0.31

+0.36
−0.34 —

SNO Phase I+II (Aharmim09) NC 5.140+0.160
−0.158

+0.132
−0.117 —

(Joint Analysis) fit to all data 5.046+0.159
−0.152

+0.107
−0.123 —

Borexino (Arpesella08b) νe — 3.36 ± 0.34
SSM [BPS08(GS)] 5.94(1 ± 0.11) 5.07(1 ± 0.06
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3−ν Mixing Analysis: ∆m2� � |∆m2
atm|

P 3ν� ∼= sin4 θ13 + cos4 θ13 P 2ν� ,

P 2ν� = P̄ 2ν� + P 2ν� osc,

P̄ 2ν� = 1
2
+ (1

2
− P ′) cos 2θm12(t0) cos 2θ12 (θ12 ≡ θ�),

P ′ = 0: L. Wolfenstein, 1978; S. Mikheyev, A. Smirnov, 1985;

P ′ �= 0 (general or LZ): S. Parke, W. Haxton, 1986;

P ′ exp. decreasing Ne, P 2ν
� osc: S.T.P., 1988

Ne → Ne cos2 θ13,

P ′ =
e−2πr0

∆m2

2E
sin2 θ12 − e−2πr0

∆m2

2E

1 − e−2πr0
∆m2

2E

, r0 ∼ 0.1R�

S.T.P., 1988

LMA: P ′ � 1, < P 2ν� osc >
∼= 0

J. Rich, S.T.P., 1988

P 3ν
KL

∼= sin4 θ13 + cos4 θ13

[
1 − sin2 2θ12 sin2(

∆m2�
4E

L)

]

P 3ν
CHOOZ

∼= 1 − sin2 2θ13 sin2(
∆m2

atm

4E
L)



νe → νe
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MSW Transitions of Solar Neutrinos in the Sun
(and the Hydrogen Atom)

i
d

dt


 Aα(t, t0)
Aβ(t, t0)


 =


 −ε(t) ε′(t)
ε′(t) ε(t)




 Aα(t, t0)
Aβ(t, t0)


 (1)

where α = νe, β = νµ(τ),

ε(t) = 1
2 [ ∆m2

2E cos 2θ −√
2GFNe(t)],

ε′(t) = ∆m2

4E sin 2θ, with ∆m2 = m2
2 −m2

1.

• Standard Solar Models

Ne(t) = Ne(t0) exp
{
−t−t0

r0

}
, r0 ∼ 0.1R�, R� = 6.96 ×

105km



Introducing the dimensionless variable

Z = ir0
√

2GFNe(t0)e
− t−t0

r0 , Z0 = Z(t = t0),

and making the substitution

Ae(t, t0) = (Z/Z0)c−a e
−(Z−Z0)+i

∫ t

t0
ε(t′)dt′

A′
e(t, t0),

A′
e(t, t0) satisfies the confluent hypergeometric equation (CHE):

{
Z d2

dZ2 + (c− Z) d
dZ − a

}
A′
e(t, t0) = 0,

where

a = 1 + ir0
∆m2

2E sin2 θ, c = 1 + ir0
∆m2

2E .



The confluent hypergeometric equation describing the νe oscillations in the Sun,
coincides in form with the Schroedinger (energy eigenvalue) equation obeyed by
the radial part, ψkl(r), of the non-relativistic wave function of the hydrogen atom,

Ψ(
→
r ) = 1

r
ψkl(r)Ylm(θ′, φ′),

r, θ′ and φ′ are the spherical coordinates of the electron in the proton’s rest
frame, l and m are the orbital momentum quantum numbers (m = −l, ..., l), k is
the quantum number labeling (together with l) the electron energy (the principal
quantum number is equal to (k+ l)), Ekl (Ekl < 0), and Ylm(θ′, φ′) are the spherical
harmonics. The function

ψ′
kl(Z) = Z−c/2 eZ/2 ψkl(r)

satisfies the confluent hypergeometric equation in which the variable Z and the
parameters a and c are in this case related to the physical quantities characterizing
the hydrogen atom:

Z = 2
r

a0

√
−Ekl/EI, a ≡ akl = l+ 1 −

√
−EI/Ekl, c ≡ cl = 2(l+ 1),

a0 = h̄/(mee2) is the Bohr radius and EI = mee4/(2 h̄2) ∼= 13.6 eV is the ionization
energy of the hydrogen atom.



Any solution - linear combination of two linearly independent solutions:

Φ(a, c;Z), Z1−c Φ(a− c+ 1,2 − c;Z); Φ(a′, c′;Z = 0) = 1, a′, c′ �= 0,−1,−2, ....

A(νe → νµ(τ)) =
1

2
sin 2θ

{
Φ(a− c,2 − c;Z0) − ei(t−t0)

∆m2

2E Φ(a− 1, c;Z0)
}
.

Sun: Ne(x) ∼= Ne(x0)e
− x

r0 , r0 ∼= 0.1R�, R� ∼= 7 × 105 km

The region of ν� production:

20 NA cm−3 ∼< Ne(x0) ∼< 100 NA cm−3: |Z0| > 500 (!)

The solar νe survival probability:

P̄ (νe → νe) = 1
2
+ (1

2
− P ′) cos 2θ0m cos 2θ,

P ′ = e
−2πr0

∆m2
2E sin2 θ−e−2πr0

∆m2
2E

1−e−2πr0
∆m2
2E

S.T.P., 1988



The solar νe survival probability:

P̄ (νe → νe) = 1
2
+ (1

2
− P ′) cos 2θ0m cos 2θ,

P ′ = e
−2πr0

∆m2
2E sin2 θ−e−2πr0

∆m2
2E

1−e−2πr0
∆m2
2E

, ∆m2 > 0

Case 1: cos 2θ0m = −1, P ′ = 0, P̄ = 1
2(1 − cos 2θ).

Case 2: θ0m = θ, P ′ = 0, P̄ (νe → νe) = 1 − 1
2 sin2 2θ

Case 1: SNO, Super Kamiokande; P̄ ∼= 0.3: cos 2θ > 0!

Case 2: pp neutrinos.



The solar νe transitions observed by SK, SNO:

MSW : P3ν� ∼= sin4 θ13 + cos4 θ13 sin2 θ12 .

In the case of oscillations in vacuum:

P3ν� ∼= sin4 θ13 + (1 − 0.5 sin2 2θ12) cos4 θ13 ∼> 0.48

(sin2 θ13 < 0.053, sin2 2θ12 ∼< 0.93) .

Data: P3ν� ∼= 0.3 - a strong evidence for matter effects
in the solar νe transitions.

G.L. Fogli et al., 2004



Atmospheric Neutrinos





Observing the Oscillations of Neutrinos



SK: L/E Dependence, µ−Like Events
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K2K: νµ Spectrum
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ν̄e → ν̄e



MINOS: νµ Spectrum



Compelling Evidences for ν−Oscillations: 3-ν mixing

νlL =
∑
j=1

Ulj νjL l = e, µ, τ.



QM of Neutrino Oscillations in Vacuum



A(νl → νl′) =
∑
j Ul′j Dj U

†
jl , l, l′ = e, µ, τ ,

Dj = e−ip̃j (xf−x0) = e−i(EjT−pjL) , pj ≡ |pj| .

δϕjk = (Ej − EK)T − (pj − pk)L

= (Ej − EK)
[
T − Ej+EK

pj+pk
L
]
+

m2
j−m2

k
pj+pk

L ;

First term - negligible:

• L and T related: T = (Ej +Ek)L/(pj + pk) = L/v̄,
v̄ = (Ej/(Ej + Ek))vj + (Ek/(Ej + Ek))vk - the “average” velocity of νj and νk,
vj,k = pj,k/Ej,k;

• Ej = Ek = E0;

• pj = pk = p
(additionally suppressed by (m2

j +m2
k)/p

2: L = T up to ∼ m2
j,k/p

2);

• Ej �= Ek, pj �= pk, j �= k: the same conclusion
(neutrinos are relativistic, L ∼= T up to corrections ∼ m2

j,k/E
2
j,k).



δϕjk
∼= m2

j−m2
k

2p L = 2π L
Lvjk

sgn(m2
j −m2

k) , p = (pj+pk)/2,

Lvjk = 4π p
|∆m2

jk|
∼= 2.5 m p[MeV ]

|∆m2
jk|[eV 2]

is the neutrino oscillation length associated with ∆m2
jk.

• One can safely neglect the dependence of pj and pk on the masses mj and mk

and consider p to be the zero neutrino mass momentum, p = E.

• The phase δϕjk is Lorentz invariant.

σm2 =
√
(2EσE)2 + (2pσp)2

Condition for producing coherently ν1, ν2, ...:

σm2 > ∆m2
jk



The equation used above corresponds to a plane wave description of the propa-
gation of neutrinos νj. It accounts only for the movement of the center of the
wave packet describing νj. In the wave packet treatment of the problem, the
interference between the states of νj and νk is subject to a number of condi-
tions, the localisation condition (in space and time) and the condition of over-
lapping of the wave packets of νj and νk at the detection point being the most
important. For relativistic neutrinos, the localisation condition in space reads:
σxP , σxD < Lvjk/(2π), σxP (D) being the spatial width of the production (detection)
wave packet. Thus, the interference will not be suppressed if the spatial width of
the neutrino wave packets detetermined by the neutrino production and detection
processes is smaller than the corresponding oscillation length in vacuum. In order
for the interference to be nonzero, the wave packets describing νj and νk should
also overlap in the point of neutrino detection. This requires that the spatial
separation between the two wave packets at the point of neutrinos detection,
caused by the two wave packets having different group velocities vj �= vk, satisfies
|(vj − vk)T | � max(σxP , σxD). If the interval of time T is not measured, T in the
preceding condition must be replaced by the distance L between the neutrino
source and the detector.



Examples

• Spatial localisation condition

∆L - dimensions of the ν- source (and/or detector):

2π∆L/Lvjk ∼< 1.

• Time localisation condition

∆E - detector’s energy resolution:

2π(L/Lvjk)(∆E/E) ∼< 1.

If 2π∆L/Lvjk 
 1, and/or 2π(L/Lvjk)(∆E/E) 
 1,

P̄ (νl → νl′) = P̄(ν̄l → ν̄l′)
∼= ∑

j |Ul′j|2 |Ulj|2
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atm not determined;

3-ν mixing: ∆m2
31 > 0, m1 < m2 < m3 (normal ordering (NO));

∆m2
31 < 0, m3 < m1 < m2 (inverted ordering (IO)).

• If θ23 �= π
4
: θ23, (π

4
− θ23) ambiguity.



Three Neutrino Mixing

νlL =
3∑

j=1

Ulj νjL .

U is the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) neutrino mixing matrix,

U =


 Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3




• U - n× n unitary:
n 2 3 4

mixing angles: 1
2
n(n− 1) 1 3 6

CP-violating phases:

• νj− Dirac: 1
2
(n− 1)(n− 2) 0 1 3

• νj− Majorana: 1
2
n(n− 1) 1 3 6

n = 3: 1 Dirac and
2 additional CP-violating phases, Majorana phases

S.M. Bilenky, J. Hosek, S.T.P., 1980



PMNS Matrix: Standard Parametrization

U = V


 1 0 0

0 ei
α21
2 0

0 0 ei
α31
2




V =


 c12c13 s12c13 s13e−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13




• sij ≡ sin θij, cij ≡ cos θij, θij = [0, π
2
],

• δ - Dirac CP-violation phase, δ = [0,2π],

• α21, α31 - the two Majorana CP-violation phases.

• ∆m2� ≡ ∆m2
21

∼= 7.6 × 10−5 eV2 > 0, sin2 θ12
∼= 0.318, cos 2θ12 ∼> 0.24 (3σ),

• |∆m2
atm| ≡ |∆m2

31| ∼= 2.4 × 10−3 eV2, sin2 θ23
∼= 0.5,

• θ13 - the CHOOZ angle: sin2 θ13 < 0.039 (0.053) 2σ (3σ)

T. Schwetz et al., arXiv:0808.2016 (updated in 2010)
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sin2 θ13 = 0.016± 0.010, sin θ13 = (0.077− 0.161) , 1σ
E. Lisi et al., arXiv:0806.2649

sin2 θ13 = 0.013+0.013
−0.009 , 1.3σ

T. Schwetz et al., 2008/2010



Neutrino Oscillation Parameters

parameter bf 1σ acc. 2σ range 3σ range

∆m2
21 [10−5 eV2] 7.59 3% 7.22 − 8.03 7.03 − 8.27

|∆m2
31| [10−3 eV2] 2.4 5% 2.18 − 2.64 2.07 − 2.75

sin2 θ12 0.318 6% 0.29 − 0.36 0.27 − 0.38

sin2 θ23 0.50 14% 0.39 − 0.63 0.36 − 0.67

sin2 θ13 0.013+0.013
−0.009 − ≤ 0.039 ≤ 0.053

Best fit values (bf), relative accuracies at 1σ, and 2σ and 3σ allowed ranges of
three-flavor neutrino oscillation parameters from a combined analysis of global
data.

T. Schwetz, M. Tortola, J.W.F. Valle, 2008/2010









• sgn(∆m2
atm) = sgn(∆m2

31) not determined

∆m2
atm ≡ ∆m2

31 > 0, normal mass ordering

∆m2
atm ≡ ∆m2

32 < 0, inverted mass ordering

Convention: m1 < m2 < m3 - NMO, m3 < m1 < m2 - IMO

m1 � m2 < m3, NH,

m3 � m1 < m2, IH,

m1
∼= m2

∼= m3, m
2
1,2,3 >> ∆m2

atm, QD; mj ∼> 0.10 eV.

• Dirac phase δ: νl ↔ νl′, ν̄l ↔ ν̄l′, l �= l′; A(l,l′)
CP ∝ JCP ∝ sin θ13 sin δ

• Majorana phases α21, α31:

– νl ↔ νl′, ν̄l ↔ ν̄l′ not sensitive;
S.M. Bilenky, J. Hosek, S.T.P.,1980;

P. Langacker, S.T.P., G. Steigman, S. Toshev, 1987

– |<m>| in (ββ)0ν−decay depends on α21, α31;

– Γ(µ→ e+ γ) etc. in SUSY theories depend on α21,31;

– BAU, leptogenesis scenario: α21,31 !





Absolute Neutrino Mass Measurements

The Troitzk and Mainz 3H β-decay experiments

mνe < 2.3 eV (95% C.L.)

There are prospects to reach sensitivity

KATRIN : mνe ∼ 0.2 eV

Cosmological and astrophysical data: the WMAP result combined with data from
large scale structure surveys (2dFGRS, SDSS)∑

j

mj ≡ Σ < (0.4 − 1.4) eV

The WMAP and future PLANCK experiments can be sensitive to∑
j

mj
∼= 0.4 eV

Data on weak lensing of galaxies by large scale structure, combined with data
from the WMAP and PLANCK experiments may allow to determine∑

j

mj : δ ∼= 0.04 eV.



Future Progress

• Determination of the nature - Dirac or Majorana, of νj .

• Determination of sgn(∆m2
atm), type of ν− mass spectrum

m1 � m2 < m3, NH,

m3 � m1 < m2, IH,

m1
∼= m2

∼= m3, m
2
1,2,3 >> ∆m2

atm, QD; mj ∼> 0.10 eV.

• Determining, or obtaining significant constraints on, the absolute scale of νj-
masses, or min(mj).

• Status of the CP-symmetry in the lepton sector: violated due to δ (Dirac),
and/or due to α21, α31 (Majorana)?

• Measurement of, or improving by at least a factor of (5 - 10) the existing upper
limit on, sin2 θ13.

• High precision determination of ∆m2�, θ�, ∆m2
atm, θatm.

• Searching for possible manifestations, other than νl−oscillations, of the non-
conservation of Ll, l = e, µ, τ , such as µ→ e+ γ, τ → µ+ γ, etc. decays.



• Understanding at fundamental level the mechanism giving rise to the ν− masses
and mixing and to the Ll−non-conservation. Includes understanding

– the origin of the observed patterns of ν-mixing and ν-masses ;

– the physical origin of CPV phases in UPMNS ;

– Are the observed patterns of ν-mixing and of ∆m2
21,31 related to the exis-

tence of a new symmetry?

– Is there any relations between q−mixing and ν− mixing? Is θ12 + θc=π/4 ?

– Is θ23 = π/4, or θ23 > π/4 or else θ23 < π/4?

– Is there any correlation between the values of CPV phases and of mixing
angles in UPMNS?

• Progress in the theory of ν-mixing might lead to a better understanding of the
origin of the BAU.

– Can the Majorana and/or Dirac CPVP in UPMNS be the leptogenesis CPV
parameters at the origin of BAU?



Instead of Conclusions

We are at the beginning of the Road...

Jacques would have liked the future exciting develop-

ments and would have made significant contributios at

least to some of them.




